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Abstract

In this paper we consider a singular differential operator B, , on the half line which
generalizes the Bessel operator. We construct and investigate a new continuous wavelet
transform on [0, 00| tied to By, by using harmonic analysis tools corresponding to

B, pn- Further we this wavelet transform to invert an intervening operator between
d2
dx? "

Keywords: Singular differential operator, generalized wavelets, generalized contin-
uous wavelet transform.
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B,y and the second derivative operator D, =

1 Introduction

Recent years wavelet transform has studied by many mathematicians, engineers and re-
searchers. Which has wide applications in engineering, medicals and mathematics. In
the classical framework, the notion of wavelet was first introduced by J. Morlet a French
petroleum engineer at ELF-Aquitaine in connection with his study of seismic traces. The
mathematical foundations were given by A. Grossmann and J. Morlet in [5]. The harmonic
analyst Y. Meyer and many other mathematicians become aware of this theory and they
recognized many classical results inside it (see [2, 8, ©]). Classical wavelets have wide ap-
plications ranging from signal analysis in geophysics and acoustics to quantum theory and
pure mathematics (see [3, 4, [7] and the references therein). In this paper we consider the
second order singular differential operator on the half line.

dn(e=2=L 4 n) d
Babn =D? — 2 - D, = —
where (e —b) >0 and n=0,1,2,--- For n = 0, we have the following differential operator

Busf(z) = D2f + D1 Dy = L,
T dx

which is referred to as the Bessel type operator of order “_;’_1. A well known harmonic
analysis on the half line generated by the Bessel type operator B, is expressed by Trimeche
n [14].

Following [1], it can be shown that the integral transform

o (a=b=1 4 99 4 1 b
) == rmees, /fta: 2y gy
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is a topological isomorphism between two suitable functional spaces, satisfying the inter-
twining relation

d2
X © @ = Ba,bm °X,
A completely new commutative harmonic analysis on the half line related to the differential
operator B,;, was initiated through the intertwining operator y. Our aim is to extend
the classical theory of wavelets to the differential operator B,;,. More explicitly, we call
generalized wavelet each function ¢ in a suitable functional space, satisfying the admissibility
condition

o dA\
0<Cy= [ 1Fa WS < .

where Fp, , . is the generalized Fourier transform related to Bg . given by

Fo,, ()N = / " f@)da(@)e e,

with ¢y(z) = xznw+0\a:)’ where j is the normalized spherical Bessel type function of
index v.

With a single generalized wavelet g we construct by dilation and translation a family of
generalized wavelets by putting

1
Go,5(x) = mTﬂ(ga)(l’)a a>0,82>0,

where g,(z) = g(z/a) and T? denote the generalized translation operators tied to the
differential operator By .

The generalized continuous wavelet transform associated with B, ,, is defined for regular
functions f on [0, 00) by

B,(f) (e B) = / T g @,

2 Preliminaries

In this section we recapitulate some facts about harmonic analysis related to the Bessel type
operator B, ;. We cite here as briefly as possible, only those properties actually required for
the discussion. For more detail we refer to [14].

Here we use the notations:

|| ' ||p,a7b,2n = || : ||p7a_Tb_1+2n
Lg,b,Qn = LI;%JFQR

Aftapon = dftazb=ton;  flab2n = Hazboisin

Wapon = Wabot i,
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X J— xT
Tab2on = TafbelJrgn

Ropon = R%H+2

| ll1apon =] - ||1,“*Tb*1+2n

Fapon = f%m+2n

a—b—144n
Caan _ CM7—12
_ a,b,2n a—b— 1+4n
(Mg = (Mlg), 52
ab2n i a—b—1+4+4n
Siitg() =Sy ()

Throughout this section assume (a — b) > 0.
Define BY ,, 1 < p < 0o as the class of measurable function f on [0, co) for which || f||,4s < o0,

where
oo 1/p
s = ([ 1@Pa ) if g <o
0

Hf”oo,a,b = ”f”oo = €eSssup |f(£(:)|
x>0

I/

and

The Fourier-Bessel type transform of order =2=1 is defined for a function f € B;, by

Far(f)N) = /OOO f(@)jazss (A2)2""da, X > 0, (2.1)

where j.—»-1 is the normalized spherical Bessel type function of index “’;”1 defined by
2

[e.9]

. a — b + 1 1)"(z/2 2n
ja—§—1 (Z) Z |F<2n+a/ b?i-l) z € C (22)

n=

Proposition 2.1. (i) The Fourier-Bessel type transform Fop, maps continuously and in-
vectively L, into the space Cy([0,00)) (of continuous function on [0,00) vanishing at
infinity).

(i) If both f and Fou(f) are in Ly, then

_ / " Fanl ) Njags ) dias(N),

for almost all x > 0, where

dpap(N) = == SAY P (2.3)
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iii) For every f € L, (N L?,, we have
a,b a,b
| @kt = [ Fal DO,

(iv) The Fourier-Bessel type transform F,; extends uniquely to an isometric isomorphism
from L2, onto L*([0,00), ttap). The inverse transform is given by

Fob@)@) = [ oWieps addna()

where the integral converges in L? .

The Bessel type translation operators 7, > 0 are defined by

Tas([) (W) = Qap /07r f(\/x2 + y2 + 2zy cos 6)(sin 6)d0, (2.4)

where
I (e

VAT() Y

Qg p =

For z,y > 0, a change of variables yields

T+

D@ = [ FEWas(a,y, )2z, (2.6)

[z—y]

with 3—a+b —b—2 —b—2
2 ()P (e +y)? =242 [P = (w—p) 2

Var(3) (zyz)e=!

The Bessel type convolution product of two functions f, g on [0, 00) is defined by the relation.

Wap(x,y,2) = (2.7)

Frasge) = [ Sl dy.o = 0. 25)
0
Proposition 2.2. (i) Letp € [1,00) and f € L, ,. Then for allz > 0,77,f € L, and
I fllpas < [1fllpap-

(i1) Let p,q € [1,00) such that % + cl]L: L Iffel,,andge L], then for every x > 0 we
have

/ T gy = / " gy dy.
0 0

(i1i) Let p,q,r € [1,00) such that % + % —1=1If¢€ Ly, and g € L}, then fx.p9 € Ly,
and
1S *ap 9llrap < [ llpapllglloat-
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(iv) For f € le and g € L, ,, p=1 or 2, we have
Fap(f *ap 9) = Fap(f) Fap(9)-

Definition 2.1. We say that a function g € L? ap s a Bessel type wavelet of order b Lgf
it satisfies the admissibility condition

0<cg7b:/0°° Fas( WP < oo (2.9)

Definition 2.2. Let g € Lz’b be a Bessel type wavelet of order a*g*a. The Bessel type
continuous wavelet transform is defined for suitable functions f on [0,00) by

Sgr(f / f(@)gety () tda, (2.10)
where o > 0,8 > 0,
o 1
gas(@) = WT;b(ga)(w)7 (2.11)
and
ga() = g(z/a). (2.12)

The Bessel continuous wavelet transform has been investigated in depth in [14] from
which we call the following basic properties.

Theorem 2.1. Let g € LZ’b be a Bessel type wavelet type wavelet of order a—127—1' Then
(i) For all f € L?

ap» We have the Planchevel formula

- 2. aby _ 1 Y a,b 2 ga=b d_a
[ st = o [ [ sp p) et

(i) Assume that || Fap(9)|lse < 00. For f € L2, and 0 < e < § < oo, the function

a aeb 1 od0
=g [ s sbwetat,
belongs to L., and satisfies

€,0 _
lim Lim [| £ = fll2.05 = 0.

i) For f € LL, such that Fo,(f) € LL,, we have
( ) a,b a,b

1= [ ([ st absas)

for almost all x > 0.
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3 Harmonic analysis associated with B, ,

From now onward, assume (@ —b) > 0 and n =0,1,2,--- . Let M be the map defined by

Mf(z) = 2" ().
Let L?

, 1 < p < 0o be the class of measurable functions f on |0, c0) for which || f||y.e6n =
Ry o
M_ f p,a,b,2n < 0.

Remark 3.1. We notice that M is an isometric from L., onto L, .

3.1 Generalized Fourier transform

Let A € C and x € R, put
qﬁ)\(ﬂ?) = x2nja7b721+4n (/\I), (31)

where ja—b-1+4n is the normalized Bessel type function of index “’b’# given by 1} From
2

[1] recall the following properties.
Proposition 3.1. (i) ¢, possesses the Laplace type integral representation

a—b—2+4n

oA(T) = Qg pona™ /1 cos (Mtz)(1 —t%)" 2 dt, (3.2)
0

where o pan 1S given by . (Note that here o po, means Oéafl2771+2n)
(i1) ¢ satisfies the differential equation
Ba,b,ngb)\ = _)‘2¢)\7

(111) For all X € C and x € R,
’gﬁA(I)’ < x2n6|lm)\|\x|'

Definition 3.1. The generalized Fourier transform is defined for a function f € L;bm by

Fopun () = [ fl@or(o)a® a2 0 5.3
Remark 3.2. (i) By and observe that
FBopn = Fab2an© ML (Fapon = ]:a—TIHHn) (3.4)
where Fopon s the Fourier-Bessel type transform of order “’b’% gwen by (2.1).

(i) If f € L}, then Fg,, (f) € Co([0,00)) and

a,b,n’
1 FBa b (Dllso < NS ll1.0,0m-

© JGRMA 2018, All Rights Reserved
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Theorem 3.1. Let f € L, , such that Fg,,,(f) € Lgys, (here Lyyo, = Lava,, ). Then
"y () the) "y s n

for almost all x > 0, .

F@) = [ Fon (DG @diasn(V),
where iqpon 15 given by .
Proof. From (3.1)), and Proposition [2.1(ii), we have

/000 FBupn (NOA(@)dttap2a(N) = 2™ /000 Fapan(M F)(N)jumsmpesn (Ar)dpta bon(N)
= M7 ()
f(z), for almost all x > 0.

Thus proof is completed. [

Theorem 3.2. (i) For every f € Lt, (L2, , we have the Plancherel formula

a,b,n a,b,n’

|Vt = [ 17 (DO Pdiasan)
0 0

(Here dpigpon = d,U/afl2771+2n)

(i) The generalized Fourier transform Fg,_, —extends uniquely to an isometric isomorphism

from Lfb’bm onto L*([0,00), ftapan). The inverse transform is given by

a,b,n

F5l (g)x) = / " 0N)OA@)dptanan(N),

. 1o
where the integral converges in La,b,n-

Proof. Let f € Ly, ,NL2,, By (34) and proposition .1fiii), we have

/0 F (DO Pdptapan(N) = / Fanan (M) Pptanan (V)

0

— / ’Mflf(x)IQxaber%ldx

0

-/ @)
0

which gives (i).
The proof of (ii) is standard can be proved easily.
Thus proof is completed. n
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3.2 Generalized convolution product

Definition 3.2. We define the generalized translation operators T*, x > 0 by the relation

T*f(y) = (2y) " 7o 2n(M T ) (Y), ¥ 20, (3.5)

(Here 75 5, = T@_ﬂn)
where 7,5, are the Bessel type translation operators of order w given by .
Remark 3.3. Assume that x,y > 0. Then according to (@ and we have

Tty

Tx(f)(y) = f( ) abn(aj Y,z ) “ bdZ?

|z—y|

with W pn = (xy2)*" W pon(z,y, 2), where Wy pon(x,y, 2) is given by . (Here W pon =
Wa b 1 )
+2n

Definition 3.3. The generalized convolution product of two functions f and g on [0,00) is
defined by

f#q(x) :/0 T f(y)g(y)y*"dy, = >0. (3.6)
Remark 3.4. Note that by we have
f#g = MM f) xap20 (M7 g)], (3.7)

where xq .2, 95 the Bessel convolution given by (@

Proposition 3.2. (i) Let f € L”
T*f e L? and

1 < p < oo. Then for all x > 0, the function

a,bn’

a,b,n’

1T fllpabm < 2" [ fllpabn-

(i1) For f € L, ,, p=1 or2, we have
I8,y (T ))A) = 0x(2) F,,,,(F)(N).

(iii) Let p,q € [1,00) such that X +1— L Iffell,, andg€ L} then

n a,b,n’

/Om() abdy_/ Ty,

(iv) Letp,q,r € [1,00) such that%—l—%—l == Iffe Labn and g € Labn then f#g € Ly,
and
||f#g||7’7a7b7n S ||f||p7a7b7n||g||Q7a7b7n'
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(v) For f € Ly, andg € Lk, ., p=1 or2, we have
FBupu J#9) = FBoy (/) FBoy. (9)-
Proof. (i) Using Proposition [2.2(i) and (3.7)), we have
1T fllpasn = 2*[IMo 15,5, 0 MT(f)lpabn

= 273y 5m 0 M7 (F)llpabizn

= 2" flpabn-

(ii) Using Proposition 2.2{ii) and (3.1), (3.4) and (3.5), we have

FBusn T FYA) = Fapono M or®(f)(N)
= 2% Fapon © Tapon o M)A
— I‘an% ()\x)fa,b,Qn o M_l(f) ()‘)

()P ().
(iif) Using Proposition [2.2[(iii) and (3.5), we have
| T twam iy = [ (MO DM )y
— [ MO ) (M) )y
= /0 N FW) T g(y)y""dy.

(iv) By using Proposition [2.2(iv) and (3.7)), we have

Hf#g“T,a,b,n = ”(Milf) *a,b,Qn (M719>Hr,a,b,2n
||M_1f||p,a,b,2n||M_19||q,a7b72n

- ||fHP,(l7b7n||g||%a:b,”‘

IN

(v) By Proposition 2.2(v) and using (3.4) and (3.7)), we have

FBusn ([H#9) = Fapzal(MTf) *ap2n (M™g)]
= Fa,b,Qn(M_lf)Fa,b,Qn(M_lg)

- fBa,b,n (f)‘FBa,b,n (g)

Thus proof is completed.

© JGRMA 2018, All Rights Reserved
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3.3 Transmutation operators

We denote by €(R) the space of C* even functions on R, provided with the topology of
compact convergence for all derivatives. For o« > 0, D,(R) denotes the space C* even
functions on R which are supported in [—a, a], equipped with the topology induced by €(R).

Put D(R) = U D, (R) endowed with the inductive limit topology. Let €,(R) (resp. D, (R))

a>0
stand for the subspace of €(R) (resp. D(R)) consisting of functions f such that f(0) =--- =

fer=D(0) = 0.

Definition 3.4. For a locally bounded function f on [0,00), we define the integral transform
X by

a—b—2+4n
2

V(@) = Qapma® /0 Ftn)(1 — £2) dt (3.8)

where agp9, 18 given by . (Here agpon = Qa=b-1+an )
" " 2

Remark 3.5. (i) For n = 0, x reduces to the Riemann-Liouville integral transform of
a—b—1

order “—— given by

a—b—2

Roy(F)(@) :aa,b/o Flta)(1 — 2 52dt 2 > 0.

(i1) It is easily check that
X = Mo Ra,b,2n (39)

(111) From and (3.8), we have
ox(x) = x(cos (N))(z). (3.10)
Definition 3.5. We define the integral transform 'x for a smooth function f on [0,00) by

a—b—3+4n dl'
2

W) = s [ @) =g
Y

Remark 3.6. (i) Forn =0, 'x is just the Weyl integral transform of order (“_;’_1) given
by
& a—b—2
Wasl£)0) = s [ 1@)a? =) ade, y 20,
y
(11) It is easily seen that
"X = Wapaono M. (3.11)

Proposition 3.3. (i) If f € L>([0,00),dx) then xf € L35, and ||xflloo.abn < || flloo-

(ii) If f € L, . then'xf € L'([0,00),dx) and ||"xflli < ||f|l1.abm-

a,b,n

© JGRMA 2018, All Rights Reserved
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(iii) For every f € L>([0,00),dz) and g € L., . we have the duality relation

a,bn’

/0 T @g(@)rdr = / " F) )y

(iv) For all f € L}, ., we have

a,bn’

Falf) = Feo X(f),

where F. 1s the cosine transform given by
F(HO) = / £(2) cos (Ar)dz, A > 0
0

(v) Let f,g € L} Then

a,bn-

"X(f#9) =" xf* "'xg

where x is the symmetric convolution product on [0,00) defined by

iy« ha(z) — / " o) () ha(y)dy,

with
72(n)(9) = 5l (@ + ) + (le — )]

(vi) Let f € Ly, and g € L>([0,00),dx). Then
X(xf *g9) = f#(xg).
Proof. (i) By and [[14], Equation (2.1.48)], we have
IXflloo.abn = 1 Rap2nflloc < || flloo-

(ii) By (3.11) and [[14], Equation (2.I1.3)], we have
xSl < IMT fllasze = 1111

(iii) By (3.9), and [[14], Equation (2.11.2)], we have
/00 xf(x)g(x)zbde = /OO Ropon(f) ()M g(2)z* 0T dy
0 0
= [ HOWasa M)

_ / 1) txly)dy.

© JGRMA 2018, All Rights Reserved
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(iv) By (3.4), (3.11)) and [[14], Equation (5.11.14)], we have

fco tX(f) = FCOWa,anOM_l(f)
= ]:a,b,Qn o M_l(f)
= Falf)

(v) By (3.7), (3.11) and [[14], Equation (5.11.15)], we have

tX(f#g) = Wa,b,Zn[(Milf) *a,b,Qn (Milgﬂ
- (Wa,b,QnM_lf) * (Wa,b,QnM_lg)
= "xf* 'xg

(vi) By (3.7), (3.9), (3.11)) and [[I4], Equation (7.IV.9)], we have

f#(xg) = MM f) *ap2n (M xg)]
= M[(Mﬁlf) *a,b,Zn (Ra,b,2n9>]
= MRa,b,QnKWa,b,QnM_lf) * g]
= x('xfxg).
Thus proof is completed. O

x and Yy are intervening operators between A and the second derivative operator & by

dz?
virtue of the following theorem in [1].

Theorem 3.3. (i) The integral transform x is an isomorphism from €(R) onto €,(R) sat-
isfying the intervening relation
d2
xo——=(f) =Aox(f), fe€eR).

dz?

(11) The integral transform ' is an isomorphism from D,(R) onto D(R) satisfying the
intervening relation
d2

250 'X(N) = X0 M), [ € DulR).

4 Generalized Wavelets

In this section we obtain Plancherel formula, Calderm’s formula and inversion formula for
generalized wavelet.

2

Definition 4.1. A generalized wavelet is a function g € L, ,

condition

satisfying the admissibility

0<C,= /OOO |]:A(g)()\)|2% < oo (4.1)
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Remark 4.1. (i) Let 0 # g € L2, satisfying the condition that there exist n > 0 such

a,bn

that Fa(g)(A)—Fa(g)(0) = O(\"), as A — 0. Then is equivalent to Fa(g)(0) = 0.
(ii) By , and , g € L, is a generalized wavelet if and only if Mg is a

Bessel wavelet of order “_b_#, and we have

Cy = Criry (4.2)
Note: For g € L7, and (a,b) € (0,00) x [0, 00), put
1 8

0(0) = i T 00) o) (43

where g, is given by (2.12) and T# are the generalized translation operators defined by (3.5)).

Proposition 4.1. For all o > 0 and B > 0, we have

Jap(@) = (Ba)* (Mo 5" (x) (4.4)

Proof. By making use of (2.11)), (3.5)) and (4.3)), we have

1
Gop(t) = — gy T (90) (@)

(Bz)*™ 4

WTa,b,Qn(Milgaxx)

(M0

bt Ant1 Tab2n
n - a,b,2n
= (Ba)*" (M g)els" ().
Thus proof is completed. O

Definition 4.2. Let g € L?,  be a generalized wavelet. We define for reqular functions f

a,b,n
on [0,00), the generalized continuous wavelet transform by

B(1)0.5) = [ @ s, (1.5
which can also be written in the form
1
(I)g(f)(a> B) = Wf#g_a(ﬁ)a (46)

where # is the generalized convolution product given by @

© JGRMA 2018, All Rights Reserved
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Proposition 4.2. We have
y(f)(ex, B) = B S (M ) (o ) (4.7)
Proof. From (2.10)), ({£.4) and (4.5), we deduce that

%m@m::/f ) gap(@)2"bd

= [ M@ M @)

_ BZnSaan( 1f)( ﬁ)
Thus proof is completed. [

Theorem 4.1. (Plancherel formula) Let g € L?L,b,n be a generalized wavelet. For every
felL? we have the Plancherel formula

Ar<wa%——/t/ B)Pa s

Proof. By using Theorem-l ) and and . we have

/O /0 |q)g(f>(a7ﬁ)|2ﬁa—bdﬁ§ _ / / ’Sab2n )( ;6)|26a_b+4ndﬁ§

_ Cﬁ,_?f;/ ’M_lf($)|2l'a_b+4nd.’ﬂ
0

= Cg/o |f(z) 2z da.

This completes the proof. O

a,b,n’

Theorem 4.2. (Calderm’s formula) Let g € L2, be a generalized wavelet such that | Fa(g)]le <
co. Then f € L7, , and 0 < e < < oo, the function

70(a) / / B)gos)p B € 12,

and satisfies

lim er,6 - f||2,a,b,n =0.
e—0

60— 0

Proof. By using (.2), (4.4) and (4.7), we have
fE(S( ) Cab2n/ / Saan —1f)<a’ﬁ)<M—1 )ab2nﬁa b+4ndﬁ

The result follows from Theorem [2.1ii). Thus proof is completed. O

© JGRMA 2018, All Rights Reserved
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Theorem 4.3. (Inversion formula) Let g € L7, , be a generalized wavelet. If f € Ly, and
Fa(f) € Ly 0, then we have

ro =g [ ([ e siswsas)

for almost all x > 0.

Proof. By using (4.2)), (4.4) and (4.7]), we have

€ / ( | @ st >6“-bd6) do

- Cab2n/ (/ Saan 71f)(06,ﬁ)(./\/l*1 )aanﬁa b+4ndﬁ)

Now we can use Theorem [2.1fiii) to complete the proof.
Thus proof is completed. n

5 Inversion of the intertwining operator 'y through the
generalized wavelet transform

In this section we obtain inversion formulas for “y involving generalized wavelets. But before
this we need to prove some preliminary lemmas.

Lemma 5.1. Let 0 # g € L' () L*([0, ), dz) such that F.(g) € L*([0,00), dz) and satisfying

there exists n > =540 such that

Felg)(A) = o(A") (5.1)
as X — 0. Then xg € L2, and

a—b+4n a—b+4n+1\\2
Fatey) = T Wr g,

Proof. We have
_2 / Fulg)(\) cos (Az)dA
™ Jo

Now, by ({3.10]), we have

vo(@) = / R0 (@)t an(N). (5.2)
where 2a—b+4n r a—b+4n+1\\2
nny = 2 C o E o,

© JGRMA 2018, All Rights Reserved
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and fiqp2, is given by . Clearly h € L'([0,00), ftap2n). Thus in view of . and
Theorem (3.2 . it is sufficient to prove that h € L*([0,00), ttap2n). We have

/0 IO Pdpapan(n) = mla.bin) / A E () () P

- abn(/ /) ~(aH | F () () A

= m(a,b,n)(l; + ),

72(0 (=24 t))2 - Now by 1’ there exist a positive constant k

where m(a,b,n) = 5

such that
k

2[n — (=25

Thus from the Plancherel theorem for the cosine transform, we obtain

1
I, <k / 2= (a=btan) gy < 00.
0

L = / A—@bH)| 7 () () PdA
1

< [TIR@WE:

= E/ lg(z)|2dz < oo.
2 Jo

Thus proof is completed. n

Lemma 5.2. Let 0 # g € L' () L*([0, 00), dz) such that F.(g) € L'([0,00), dz) and satisfying
there exists n > (a — b+ 4n) such that

Fe(9)(A) = o(A") (5.3)
as X — 0. Then xg € L?,  is a generalized wavelet and Fa(xg) € L>=((0,0), dz).
a,b,n

Proof. By making use of equation (5.3) and Lemma , we can easily see that yg €
L2, Fa(xg) is bounded and

Falxg)(\) = o(X1=(@70H)) g5 X — 0.

Thus by Remark (i), the function yg satisfies admissibility condition (4.1]). Thus proof is
completed. n

The classical continuous wavelet transform on [0, 00) is defined for suitable functions by

o | s@mas, (5.4
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where a > 0, # > 0 and g € L*((0,00),dz) is a classical wavelet on [0,00) i.e. satisfying
the admissibility condition

0<Clo) = [T IFWES < x (5.5)

A more complete and detailed discussion of the properties of the classical continuous wavelet
transform on [0, 00) can be found in [I4].

Remark 5.1. (i) According to [1]], each function satisfying the conditions of Lemmal[5.4
is a classical wavelet on [0, 00).

(i1) In view of , and , g € D(R) is a generalized wavelet if and only if 'xg

is a classical wavelet and we have c¢(*xg) = ¢,.

The following statement provides a formula relating the generalized continuous wavelet
transform to the classical one.

Lemma 5.3. Let g be as in Lemma . Then for all f € Lgyb’n, p=1or 2, we have

Dy ()0 5) = — e XWX ) e ()

Proof. We have by (4.6]) that

Dy (PN0:F) = e FHNEO)

1
= mx[tXf *Ja)(8B)

= o V0,6,

This completes the proof. n
A combination of Theorems [4.2H4.3| with Lemmas yields

Theorem 5.1. Let g be as in Lemma|5.2. Then we have the following inversion formulas
for *x

(i) If f € Ly, and Fa(f) € Ly, then for almost all x> 0 we have

a,bn

10 =z [T ([ 0o 0 st 8) it
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(ii) For f € Lt, (L?,, and 0 < e < d < oo, the function

a,bn a,b,n

I d
ro@ = g [ O s
satisfies
lim erﬁ - f||2,a7b,n =0.
e—0
0—0

Remark 5.2. (i) If we set a = o + %, b=—a— i throughout this paper then it reduces
to the results studied by R.F. Al Subaie and M.A. Mourou in the paper entitled ”The
continuous wavelet transform for a Bessel type operator on the half line” published in
Mathematics and Statistics 1(4): 196-203, 2013.

(i1) Author claims that the result obtained in this paper are more general than that of Al
Subaie and M.A. Mourou.
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